We introduce a new continuous model with strong physical motivations and wide applications upon compounding the discrete zero truncated Poisson model and a new continuous model called the Burr X Pareto type II distribution. Some of its mathematical and statistical properties are derived as well as four applications to real data sets are provided with details to illustrate the wide importance of the new model. We conclude that the new model is better than other nine competitive models via the four applications. Method of maximum likelihood is used to estimate the unknown parameters of the new model. The new model provides adequate fits as compared to other related models in the four applications.
Introduction and physical motivation
A random variable (rv) X is said to have the one parameter Pareto type II (PaII) model if its probability density function (PDF) given by
and cumulative distribution function (CDF)
PaII
where is a shape parameter. The PDF in (1) is a secial case from Burr type XII (BXII) model when = 1 BXII ( , ) ( ) = −1 (1 + ) − −1 Due to Yousof et al. (2017a) , we derive a new model called the Burr X PaII (BXPaII) model defined by the CDF given by BXPaII ( , ) 
where > 0 is a shape parameter. When = 1, we obtain the one parameter Rayleigh PaII (RPaII) model. Suppose that we have a system has subsystems functioning independently at a given time where has zero truncated Poisson (ZTP) distribution with parameter . The probability mass function (PMF) of is given by Therefore, the unconditional CDF of the PBXPaII CDF can be expressed as
with the corresponding PDF as
The hazard rate function (HRF) can be easily calculated from The PBXPaII density can be right-skewed or unimodal whereas the HRF of the PBXPaII model can be unimodal or unimodal then bathtub or bathtub or increasing or unimodal then increasing (see Figure 1 ).
Mathematical properties Useful expansions
Using the power series
the PDF in (6) can be written as
(7) Considering the following power series holds
Upon applying (8) to (7) we have 
then, Equation ( PaII 
Quantile and random number generation
The quantile function (QF) of , where ∼ PBXPaII ( , , ), is obtained by inverting (5) as
Simulating the PBXPaII r.v. is straightforward. If is a uniform variate on the unit intrval (0,1), then the r.v. = ( ) follows (5) .
The quantile spread (QS)
The QS of rv ∼ PBXPaII ( , , ) is given by
and this implies ( ) = [ −1 (1 − )] − [ −1 ( )], where −1 ( ) = −1 (1 − ) and = 1 − is the survival function. The QS of a distribution describes how the mass of probability is placed symmetrically about its median ( ( ) ) and hence can be used to formalize concepts as tailweight traditionally associated with kurtosis. This way allows us to separate concepts like kurtosis ( ( ) ) for asymmetric models. Let 1 and 2 be two rvs follow PBXPaII model with quantile spreads 1 and 2 , respectively. Then 1 is called smaller than or equal 2 in quantile spread order, denoted as 1 ≤ 2 , if 1 ( ) ≤ 2 ( ), ∀ ∈ (0.5,1). Below are some properties of the QS order 1 − The order ≤ is location-free 
Moments
The ℎ ordinary moment of , say ′ , follows from (12) as (13) gives the mean of . The ℎ incomplete moment of is defined by
We can write from (12) are the beta and the incomplete beta functions of the second type, respectively. Two important applications of the first incomplete moment ( =1 ( ) ) are related to the mean deviations about the mean (MD ( ) ), mean deviations about the median (MD ( ) ), the Bonferroni and Lorenz curves.
Residual and reversed residual life functions
The ℎ moment of the residual life (MRL) [ ( )] , denoted by ( ) = [( − ) | ( > , =1,2,… ) ], which uniquely determine ( ) . The ℎ MRL of is given by
so, we can write
, setting = 1, we get the mean residual life (MRL) function or the life expectation at age which defined by
, which represents the expected additional life length for a unit which is alive at age .
The ℎ moment of the reversed residual life (MRRL) [ ( )] , denoted by ( ) = [( − ) | ( ≤ , >0 and =1,2,… ) ], which also uniquely determines ( ) . Then, the ( ) can be formulated as
so that, the ℎ moment of the reversed residual life of
setting = 1 in the above equation, we get the mean inactivity time or mean waiting time which also called the mean reversed residual life function ( ) = [( − ) | ( ≤ , >0 and =1) ], which represents the waiting time elapsed since the failure of an item on condition that this failure had occurred in (0, ).
Parameter estimation
In this work, we will estimate the unknown parameters ( , , ) of the PBXPaII model from the complete samples by maximum likelihood (ML) method. Suppose that 1 , ⋯ , be a random sample from the PBXPaII model with parameter vector = ( , , ) . The log-likelihood function ( ℓ ( ) ) for is given by 9, 20.4, 14.9, 16.2, 17.2, 7.8, 6.1, 9.2, 10.2, 9.6, 13.3, 8.5, 21.6, 18.5, 5.1,6.7, 17, 8.6, 9.7, 39.2, 35.7, 15.7, 9.7, 10, 4.1, 36, 8.5, 8, 9.2, 26.2, 21.9,16.7, 21.3, 35.4, 14.3, 8.5, 10.6, 19.1, 20.5, 7.1, 7.7, 18.1, 16.5, 11.9, 7, 8.6,12.5, 10.3, 11.2, 6.1, 8.4, 11, 11.6, 11.9, 5.2, 6.8, 8.9, 7.1, 10 .8} called taxes revenue data. The actual taxes revenue data (in 1000 million Egyptian pounds) (see Altun et al. (2018a, b) ). {65, 156, 100, 134, 16, 108, 121, 4, 39, 143, 56, 26, 22, 1, 1, 5, 65, 56, 65, 17,  7, 16, 22, 3, 4, 2, 3, 8, 4, 3, 30, 4 , 43} called leukaemia data. This real data set gives the survival times, in weeks, of 33 patients suffering from acute Myelogeneous Leukaemia (see Altun et al. (2018a, b) ).
Data set IV
We consider the following goodness-of-fit statistics: the Akaike information criterion (AIC), Bayesian information criterion (BIC), Hannan-Quinn information criterion (HQIC), consistent Akaike information criterion (CAIC). Generally, the smaller these statistics are, the better the fit. Based on the values in Tables 1-4 and Figure 2 -7 the PBXPaII model provides the best fits as compared to other models in the four applications with small values for BIC, AIC, CAIC and HQIC.
Total time test ( ) plot (see Figure 2) is an important graphical approach to verify whether our data can be applied to a specific model or not. Due to Aarset (1987) , the empirical version of the plot is given by plotting
against / , where = 1,2, and : ( = 1, ? , ) are the order statistics of the sample. Aarset (1987) showed that the HRF is constant if the plot is graphically presented as a straight diagonal, the HRF is increasing (or decreasing) if the plot is concave (or convex). The HRF is U-shaped (bathtub) if the plot is firstly convex and then concave, if not, the HRF is unimodal. The plots the four real data sets are presented in Figure 2 . This plot indicates that the empirical HRFs of the the four data sets are decreasing, decreasing, decreasing and unimodal. 6, 0.69, ---,0.238,---203.7, 210.5, 204, 206.4  (1.56), (0.098), ---,(0.043),---(0,5.7),(0,2.5),---,(0.15,0.324) ,--- 
Conclusions
We introduce a new continuous model with strong physical motivations and wide applications upon compounding the discrete zero truncated Poisson model and a new continuous model called the Burr X Pareto type II distribution. Some of its mathematical and statistical properties are derived as well as four applications to real data sets are provided with details to illustrate the wide importance of the new model. We conclude that the new model is better than other nine competitive models as noted via the four applications. Method of maximum likelihood is used to estimate the unknown parameters of the new model. The new model provides adequate fits as compared to other related models in four applications with the smallest values of AIC, BIC, CAIC and HQIC.
